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Abstract

We show that a generalization of the DAG-like query-to-communication lifting theorem,
when proven using sunflowers over non-binary alphabets, yields lower bounds on the monotone
circuit complexity and proof complexity of natural functions and formulas that are better than
previously known results obtained using the approximation method. These include an nΩ(k)

lower bound for the clique function up to k ≤ n1/2−ϵ, and an exp(Ω(n1/3−ϵ)) lower bound for a
function in P.

1 Introduction

In 1985, Razborov [Raz85] proved the first superpolynomial size lower bound for monotone Boolean
circuits for a monotone function in NP, and, independently, Andreev [And85] obtained exponential
size lower bounds. Razborov’s result was for the perfect matching and the clique functions, and
shortly after, Alon and Boppana [AB87] improved the lower bound for clique to exponential. These
lower bounds introduced the so-called approximation method, which consists of showing that every
gate computes a function close to a class of functions that cannot distinguish between the expected
answers. The interpretation of close becomes looser in gates further away from the inputs. The
classical combinatorial sunflower lemma is used to ensure that the class of functions computed by
gates increases slowly, and therefore only contains the expected output function once the circuit
size surpasses the bound we are set to prove.

The approximation method also found great success in proof complexity, after Kraj́ıček [Kra97,
Kra98] introduced interpolation to proof complexity and Pudlák [Pud97] showed it could be used
to prove cutting planes lower bounds from lower bounds to a generalisation of monotone circuits
called monotone real circuits. For a long time the only known method for proving lower bounds
for monotone circuits and for cutting planes was via approximation method. Other methods like
bottleneck counting were later shown to be equivalent to the approximation method for monotone
circuits [ST00, BU99, Juk97]. In contrast, lower bounds for proof systems such as resolution and
polynomial calculus can be readily obtained from measuring width and degree respectively.

Not long after the approximation method was introduced, new and very influential techniques
were developed to prove lower bounds for monotone formulas and later extended to capture tree-
like cutting planes. Karchmer and Wigderson [KW90] proved superpolynomial formula size lower
bounds for connectivity by establishing a relation between communication complexity and mono-
tone circuit depth. Raz and McKenzie [RM99] introduced a new technique, now called lifting
theorems, for obtaining communication lower bounds from query complexity lower bounds, and
obtained separations between mon-NC and mon-P, and between levels of the mon-NC hierarchy.
Their result was extended [BEGJ00] to obtain lower bounds on the size of tree-like cutting planes
proofs.
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A decade ago, Göös, Pitassi, and Watson [GPW18] brought to light the generality of the result
of Raz and McKenzie [RM99] and reignited this line of work. A notable extension is the lifting
theorem [GGKS20] for a model of DAG-like communication [Raz95, Sok17a] that corresponds to
circuit size. These theorems, in their different flavours, have been instrumental in addressing many
open questions in monotone circuit complexity, including: optimal 2Ω(n) lower bounds on the size
of monotone Boolean formulas computing an explicit function in NP [PR17]; a complete picture
of the relation between the mon-AC and mon-NC hierarchies [dRNV16]; a near optimal separation
between monotone circuit and monotone formula size [dRMN+20]; and an exponential separation
between NC2 and mon-P [GGKS20, GKRS19].

One criticism to the lifting technique is that the lower bounds obtained are for artificial func-
tions and formulas. This is because the lower bounds are not for the same function whose query
complexity is high, but for the composition of two functions. This criticism applies to most lower
bounds obtained via lifting discussed above. Nevertheless, we can obtain lower bounds for natural
functions and formulas if we can reduce them to their lifted counterparts. Furthermore, we can
carry the reduction already within the communication complexity model, which is easier than re-
ducing between circuits or proofs. This idea appears already in Raz and McKenzie’s work [RM99],
where they lift the collision-finding relation—equivalent to the pigeonhole principle—and subse-
quently apply a reduction to obtain a depth lower bound for clique. More recent results in circuit
complexity also combine lifting and reductions [Oli15, Rob18, dRMN+24] (see also [dRGR22]),
as do results in proof complexity [IR21]. Another issue is that bounds obtained through lifting
are often weaker than those obtained through more direct means, because generally composition
increases the size of a function more than its complexity. The question of minimising the overhead
due to lifting is recurring in the area.

Following on the topic of the strength of lower bounds, it is very natural to ask how well
these match the corresponding upper bounds, and to aim for truly exponential lower bounds of
the form exp(Ω(n)) rather than only exp(nΩ(1)). Razborov’s result [Raz85] is for two monotone
functions on graphs: nΩ(logn) lower bound for perfect matching and nΩ(k) lower bound for k-clique,
for k ≤ log n. Shortly after, Alon and Boppana [AB87, Weg87] extended the result on clique to

nΩ(k1/2) for k ≤ n2/3−ϵ, and Amano and Maruoka [AM04] provided lower-order improvements.
More recently, Cavalar et al. [CKR22] showed a stronger result of nΩ(k) for k ≤ n1/3−ϵ.

Besides clique, if we consider lower bounds on any function in NP, Andreev [And85] proved
exponential lower bounds of the form exp(Ω(n1/8)). Alon and Boppana [AB87], Andreev [And87],
and Harnik and Raz [HR00] successively improved the bound to exp(Ω(n1/3−ϵ)), and also recently
Cavalar et al. [CKR22] proved a lower bound of the form exp(Ω(n1/2−ϵ)).

It is also of significant interest to prove lower bounds for functions in P, showing that monotone
circuits are weaker than circuits with negations. The first such separation is Razborov’s superpoly-
nomial bound on the matching function, and Tardos [Tar88] proved the first exponential separation
of the form exp(Ω(n1/6)). This latter result follows from the exponential lower bound for the clique–
colouring function [AB87] and an upper bound Tardos proved for a monotone function extending
clique–colouring. The more recent lower bounds of Harnik and Raz and Cavalar et al. apply to
functions that are not known to be in P.

The breakthrough that allowed Cavalar et al. to prove lower bounds beyond exp(n1/3) was the
robust sunflower lemma [Ros14, Rao20, ALWZ20]. This improved sunflower lemma was also used to
improve the parameters in the lifting theorem [LMM+22]. Indeed, the lifting overhead was reduced
to the point that bounds obtainable by lifting could match those obtained via the approximation
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method. However, to our knowledge, this has not been applied to get better bounds in circuit or
proof complexity.

1.1 Our results

In this paper we go one step further and use lifting to prove even better lower bounds than those
currently known using the approximation method. We do so by generalising the lifting theorem
to non-binary alphabets, using what we call colourful sunflowers (simply sunflowers over a larger
alphabet). This allows us to obtain smaller lifted problems than what we would through a binary
alphabet. We then reduce this lifted problem to the clique–colouring and related functions. This
gives us better lower bounds on the size of monotone circuits and cutting planes proofs.

Clique–colouring We begin with the monotone circuit complexity of the clique function, which
distinguishes graphs containing a k-clique from graphs that do not. In fact we consider the clique–
colouring partial function, which distinguishes n-vertex graphs containing a k-clique from graphs
that are c-colourable, for c < k. Since the clique function extends the clique–colouring function, it
is at least as hard to compute.

The best lower bound to date for the clique–colouring function was nΩ(k1/2) for k ≤ n2/3−ϵ.

Theorem 1.1 ([AB87]). Given c, k, n ∈ N satisfying c < k,
√
ck ≤ n/(8 log n), it holds that any

monotone Boolean circuit computing (cliquek-colc)n must have size(
n√

ck log n

)Ω(
√
c)

. (1)

A better nΩ(k) bound for k ≤ n1/3−ϵ was also known for the clique function, but not for the
clique–colouring function.

Theorem 1.2 ([CKR22]). Given k, n ∈ N satisfying k ≤ n1/3−ϵ, it holds that any monotone
Boolean circuit computing k-clique must have size( n

k3

)Ω(k)
. (2)

We obtain a nΩ(k) bound for k ≤ n1/2−ϵ for the clique–colouring function, improving on both
results

Theorem 1.3 (Clique-colouring). There exists a universal constant A such that given any c, k, n ∈
N satisfying c < k ≤ n, it holds that any monotone Boolean circuit computing (cliquek-colc)n must
have size (

n

A · kc log k log n

)Ω(c)

. (3)

If we assume c = ϵk for a constant ϵ > 0, then we can get a slightly better lower bound: any
monotone Boolean circuit computing (cliquek-colϵk)n must have size(

n

A · k2 log n

)Ω(k)

. (4)
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Note that we get tight nΩ(c) lower bound even for large gap, that is, for any k = n1−δ and
c ∈ [log n, nϵ], for any constants ϵ < δ. Even if k = n/(log4 n) and c = log n, we obtain
a superpolynomial lower bound. Finally, observe that the largest lower bound we can get is
exp(Ω((n/ log n)1/2)), where we recall that n is the number of vertices in the input graph, and
the number of variables in the function is Θ(n2).

Colouring–cocolouring Since a partition of a graph into n/k cliques contains a clique of size at
least k, an even more specific task than clique–colouring is distinguishing q-colourable graphs from
q-purely-cocolourable graphs. We state the result in terms of monotone real circuits, since that is
needed to prove cutting planes lower bounds.

Theorem 1.4 ([HP17]). For n > q2, every monotone function that distinguishes n-vertex graphs G

with χ(G) ≤ q from graphs with χ(G) ≤ q has monotone real circuit complexity 2Ω(q1/4).

We get a stronger lower bound, but only for n = q2 + 1.

Theorem 1.5 (Colouring-cocolouring). Every monotone function that distinguishes (q2+1)-vertex

graphs G with χ(G) ≤ q from graphs with χ(G) ≤ q has monotone real circuit complexity 2Ω((q/ log q)1/2).

We believe this result is not tight and that there should be a lower bound of 2q. We can,
however, get a tight lower bound in a non-balanced parameter regime.

Theorem 1.6. For c ≤ n1/3−ϵ, every monotone function that distinguishes n-vertex graphs G with
χ(G) ≤ c from graphs with χ(G) ≤ n/c− 1 has monotone real circuit complexity nΩ(c).

Bit pigeonhole principle Turning to proof complexity, we consider the complexity of refuting
the bit pigeonhole principle in the cutting planes proof system, where proofs manipulate linear
inequalities. The bit pigeonhole principle formula bitPHPM

N for M > N falsely asserts that there
are M distinct binary strings of length logN . If M ≥ 2N , we refer to this formula as a weak bit
pigeonhole principle formula. Hrubeš and Pudlák [HP17] provided the first cutting planes lower
bound for bitPHP, which prior to this work was the best bound known for pigeonhole principle.
Note that their result works also for the weak version.

Theorem 1.7 ([HP17]). Every cutting planes refutation of the weak bit pigeonhole principle bitPHPM
N ,

M > N , has size 2Ω(N1/8).

Our result is only for the bit pigeonhole principle (not weak), but we obtain a better bound.

Theorem 1.8 (Bit pigeonhole principle). Every cutting planes refutation of the bit pigeonhole

principle bitPHPN+1
N has size 2Ω((N/ logN)1/3).

Stronger lower bounds on the size of refutations of the (not weak) bit pigeonhole principle of the

form 2n
1−o(1)

are known for the tree-like restriction of the cutting planes proof system [IR21, BW24].

Separation between monotone and non-monotone Boolean circuits We also obtain the
best known separation between monotone Boolean circuits and non-monotone Boolean circuits.

Theorem 1.9 ([AB87, Tar88]). There exists a monotone function f ∈ P such that any monotone
circuit computing f is of size at least exp(Ω(n1/6−ϵ)).
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Using the result of [Tar88] that there exists a total monotone function in P that extends the
partial clique-colouring function and our lower bound for the clique-colouring, we immediately
obtain that there exists a monotone function f ∈ P over n variables such that any monotone circuit
computing f is of size at least exp(Ω(n1/4−o(1))). We can, furthermore, obtain an even better
separation by considering a function f obtained by restricting most of the edges of the input graph.
By doing this, the lower bound for clique-colouring still applies, but the number of variables is
reduced considerably and we get the following result.

Theorem 1.10 (Monotone vs non-monotone). There exists a monotone function f ∈ P such that
any monotone circuit computing f is of size at least exp(Ω(n1/3−o(1))).

1.2 Technical contribution

The main technical contribution is to show that we can obtain better parameters by proving a
generalised lifting theorem over large alphabets. We prove the lifting theorem following the same
high-level structure as many others before. The proof consists of two key lemmas, a full range
lemma and a triangle lemma, and a simulation procedure that relies on these two lemmas. The
triangle lemma and the simulation procedure only change minimally, and the full range lemma
follows from the sunflower lemma after adapting the probability distributions appropriately.

Once the lifting theorem is in place, we define a 2-CSP version of the graph pigeonhole principle.
That is, we encode that k elements can be coloured with c < k colours without repetitions, each
element having a pool of constantly many available colours. We show how clique–colouring reduces
to this lifted CSP using a similar reduction to previous works [RM99, dRMN+24].

It is immediate that colouring-cocolouring reduces to clique-colouring. We show a reduction
in the other direction which gives us lower bounds for colouring-cocolouring. A known further
reduction [HP17], unmodified, yields lower bounds on the size of cutting planes refutations of the
bit pigeonhole principle.

To explain why we obtain better parameters, it is convenient to think in terms of the falsified
constraint search relation. For a fixed CSP, this relation consists of pairs of an assignment to
variables and a constraint falsified by that output. This relation is universal, in the sense that for
every relation S there exists a CSP whose search relation is S.

To apply the lifting technique we start with the search relation of a CSP on n variables and c
constraints of arity k, which is hard according to some query complexity measure. Then we compose
that relation with a function on m variables, a gadget, and we obtain a search relation of a CSP
on nm variables and O(c ·mk) constraints, which is hard according to a communication complexity
measure. When we reduce the lifted relation to e.g. clique, the size of the graph depends on the size
of the lifted CSP, while the size of the clique depends on the original number of variables. Therefore
minimising the arity of the CSP, along with the number of variables of the gadget, results in the
least overhead.

Often it is enough to lift a CSP with constant arity over the binary alphabet, and the exact
constant might not be too important if it is overshadowed by the gadget size. However, lifting
theorems obtained through sunflowers can be applied with small gadgets of size m1+ϵ, and arity
becomes more relevant. For example, we could lift the standard 3-CSP Boolean encoding of the
pigeonhole principle and obtain lower bounds for the clique function that hold for cliques of size
up to n1/3−ϵ. Using a 2-CSP with a constant-sized alphabet, however, allows us to obtain lower
bounds for cliques of size up to n1/2−ϵ.
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We remark that the work introducing lifting theorems [RM99] already proves a lifting theorem
for a large alphabet, which is used to lift a 2-CSP over an alphabet of linear size, precisely with
the goal of proving formula lower bounds for the clique function. However, subsequent works only
considered the Boolean case.

2 Lifting Theorem

A communication problem is a relation S : X × Y → Z. We refer to an input x ∈ X as Alice’s
input, and to an input y ∈ Y as Bob’s input. A DAG-like communication protocol computing a
communication problem is a DAG where each node is identified with a set R ⊆ X × Y , with the
following two properties. Each internal node is covered by its children. Each leaf is labelled with
an element z ∈ Z such that z ∈ S(x, y) for all (x, y) ∈ R.

A subcube-DAG protocol has the additional property that all nodes are subcubes, a rectangle-
DAG protocol has the property that all nodes are combinatorial rectangles, and a triangle-DAG
protocol has the property that all nodes are combinatorial triangles.

We assume that the fan-out of a subcube-DAG is Σ when X ×Y = Σn, and that the fan-out of
rectangle- and triangle-DAGs is 2.

The width of a subcube-DAG is the maximum width (or codimension) of any node, and the
width of a relation S, denoted w(S), is the minimum width of any subcube-DAG computing it.
Width is equivalent to following variation of the standard query complexity game, also called
Prover–Adversary game [Pud00, AD08]. A player may query a variable or forget the value of a
variable. The player aims to minimise the number of values they remember. The answer to a query
is given by an adversary who aims to maximise that number and may give different answers to the
same query.

The indexing function Indm : [m] × Σm → Σ is defined as Indm(x, y) = yx. The composition of
a relation S : Wn → Z and a function g : V →W , which we call a gadget, is S ◦ gn : V n → Z.

Theorem 2.1 (Lifting Theorem). There exists a large enough absolute constant A such that for
any m,n,w ∈ N and any relation S : Σn → Z with w(S) ≥ w, the size of any triangle-DAG protocol
solving S ◦ Indnm is at least (

m

A · |Σ| · w · log(mn)

)w

. (5)

The theorem applies to rectangle-DAG protocols, which are a particular case of triangle-DAG
protocols. It also holds that the communication complexity of S ◦ Indnm is bounded below by the
query complexity of S.

The search problem of a CSP F is the relation Search(F ) : Σn → F that, given an assignment
α : [n] → Σ returns a constraint falsified by α. The relation is total if the CSP is unsatisfiable.
In the context of a communication problem, we write SearchX,Y to explicitly refer to the variable
partition.

Corollary 2.2. For any ϵ > 0, any alphabet Σ, any unsatisfiable CSP F on n Σ-variables, and
any m ≥ (|Σ| · w(S) · log n)1+ϵ, the size of any triangle-DAG protocol solving Search(F )◦ Indnm is at
least mΩ(w(Search(F ))).

We prove the lifting theorem following the proof of the same theorem over the binary alphabet
by de Rezende et al. [dRFJ+24]. Their proof simplifies proof of Lovett et al. [LMM+22], which
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in turn builds upon many other lifting theorems [GLM+16, GPW20, GGKS20]. The proof of the
lifting theorem relies on two lemmas, the full range lemma and the triangle lemma. A procedure
that extracts a subcube-DAG from a triangle-DAG completes the proof. We describe how the proof
needs to be adapted to a larger alphabet next. Since many parts of the proof change minimally or
not at all, we defer the full proof to the appendix.

2.1 Full Range Lemma

The full range lemma states that, given a rectangle comprised of a well-structured X part and a
large enough Y part, Ind(X,Y ) takes all possible values. Following Lovett et al. [LMM+22], we
prove this lemma as a consequence of the robust sunflower lemma, adapting their proof to a larger
alphabet. Note that we cannot use the self-contained proof of de Rezende et al., which would result
in a gadget size of at least (n|Σ|)2+ϵ, while a gadget of size (n|Σ|)1+ϵ is enough for a proof based
on the sunflower lemma. In fact we can use gadgets of variable size (w|Σ|)1+ϵ, depending on the
width of the DAG we extract [GKMP20], assuming that w = Ω(log n). It is possible to remove the
assumption w = Ω(log n) with a more complex version of the full range lemma [LMM+22], but we
do not require such small width.

We proceed to state the sunflower lemma. For a set F , U(F) is the distribution where we pick
an element from F with probability 1/|F|. U(X, p) is the distribution where we pick a set S ⊂ X
where Pr[x ∈ S] = p for all x ∈ X independently. D1({0, 1}N , p) is the distribution where we pick
a string s ∈ {0, 1}N where Pr[si = 1] = p for all i ∈ [N ] independently.

The projection of an element x ∈ XN to a subset of coordinates I ⊆ [N ] is x↾I = (xi)i∈I . The
projection of a set S ⊆ XN to a subset of coordinates I ⊆ [N ] is S↾I = {x↾I | x ∈ S}. The marginal
distribution of a random variable A over a set S ⊆ XN on a subset of coordinates I ⊆ [N ] is A↾I .
We omit the projection symbol and write xI when it is clear from context.

A set system F over A is r-spread if for all Z ⊂ A, it holds that

Pr
S∼U(F)

[Z ⊂ S] ≤ r−|Z| (6)

The following robust sunflower lemma appears was proven by Rao [Rao20, Lemma 4], although
with a different distribution on sets W , and was reproven by Tao [Tao20, Proposition 5] and Bell
et al. [BCW21, Theorem 3] in the exact form we need.

Lemma 2.3 ([Rao20, Tao20, BCW21]). There is a universal constant K such that the following
holds. Let 0 < p, ϵ ≤ 1/2, s ≥ 2, r ≥ K · (1/p) · log(s/ϵ). Let F be a set system over A such that:

1. for all S ∈ F , |S| ≤ s; and

2. F is r-spread.

Then
Pr

W∼U(A,p)
[∀S ∈ F , S ̸⊆W ] ≤ ϵ (7)

Next we use the sunflower lemma to prove the full range lemma, using the same concepts and
adapting the proof of Lovett et al. [LMM+22].

The min-entropy of a random variable A over a finite set S, is

H∞(A) := log
1

maxβ∈S Pr [A = β]
. (8)
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We write H∞(S) = H∞(U(S)) in an abuse of notation, and note that H∞(S) = log |S|.
A set X ⊆ [m]N has blockwise min-entropy h with respect to a subset J ⊆ [N ] if for all I ⊆ J

it holds that H∞(U(X)↾I) ≥ h|I|. Equivalently, if for all I ⊆ J and β ∈ [m]I it holds that

log(1/Prx∼U(X)[x↾I = β])

|I|
≥ h. (9)

If J is omitted we assume J = [N ].
The component list Sx of a vector x ∈ [m]N is a set Sx = {(i, xi) | i ∈ [N ]} ⊂ [N ] × [m]. The

component list set system of a set X ⊆ [m]N is F = {Sx | x ∈ X}.
The following key observation relates sunflowers and min-entropy, showing that the concepts of

blockwise min-entropy and spreadness are equivalent.

Claim 2.4 ([LMM+22]). A set X ⊆ [m]N has blockwise min-entropy h = log r iff the component
list set system F of X is r-spread.

Claim 2.5 (Monotonicity). For all X ⊆ [m]N , β : X → ΣN and γ ∈ ΣN it holds

|y ∈ (Σm)N : ∀x ∈ X, y[x] ̸= β(x)| ≤ |y ∈ (Σm)N : ∀x ∈ X, y[x] ̸= γ| (10)

Lemma 2.6 (Full Range Lemma). Let X × Y ⊆ [m]N × (Σm)N be such that X has block-wise
min-entropy log r and |Y | > ϵ · |Σ|mN .

Let K be a large enough constant. If r, ϵ, and Σ satisfy r ≥ K · |Σ| · log(N/ϵ) then there exists
an x∗ ∈ X such that for every β ∈ ΣN , there exists a yβ ∈ Y such that IndNm(x∗, yβ) = β.

Proof. Let F be the component list set system of X, which is r-spread by Claim 2.4. Let p = 1/|Σ|.
We can apply Lemma 2.3 with s = N and get that:

Pr
Sy∼U([mN ],p)

[∀Sx ∈ F , Sx ̸⊆ Sy] ≤ ϵ . (11)

Let y be the indicator vector for Sy. This implies:

Pr
y∼D1({0,1}mN ,p)

[∀x ∈ X, y[x] ̸= 1N ] ≤ ϵ . (12)

Suppose, for the sake of contradiction, that for all x ∈ X there exists βx ∈ ΣN such that for all
y ∈ Y , y[x] ̸= βx. By counting:

|Y | ≤ |{y ∈ (Σm)N : ∀x ∈ X, y[x] ̸= βx}| (13)

≤ |{y ∈ (Σm)N : ∀x ∈ X, y[x] ̸= 1N}| (14)

= |Σ|mN · Pr
y∼U(ΣmN )

[∀x ∈ X, y[x] ̸= 1N ] (15)

= |Σ|mN · Pr
y∼D1({0,1}mN ,p)

[∀x ∈ X, y[x] ̸= 1N ] (16)

≤ |Σ|mN · ϵ , (17)

where the first inequality is by our assumption on Y , the second inequality is by Claim 2.5, and
the last inequality is by Equation 12. This contradicts the bound on |Y |.

In particular, the Full Range Lemma holds when r ≥ mδ ≥ K · |Σ| · 4w · log(mn2) and ϵ ≤
2−4w logmn, which is the setting in which we apply it.
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2.2 Triangle Lemma

The triangle lemma shows how to cover each triangle in the protocol with sets of well-structured
rectangles plus error rows and columns. The proof of this lemma is largely oblivious of the exact
shape of the columns, which only comes into play when we need to prove that the set of error
columns is not too large. The only changes we need to make are to consider the set of columns Y
as a subset of Σmn rather than {0, 1}mn, and the following calculation. For sets A ⊆ B ̸= ∅, the
density of A in B is |A|/|B|.

Claim 2.7. Consider a collection of sets indexed by α ∈ ([m] ∪ {⋆})n, with |fix(α)| ≤ w, and
β ∈ (Σ ∪ {⋆})n, with fix(α) = fix(β). If every set has density at most 2−4w logmn, then the density
of the whole collection is at most 2−w logmn.

Proof. There are at most
∑w

i=0

(
n
i

)
mi ≤ (mn)w+1 ≤ (mn)2w many choices of α. Given a fixed α,

there are at most |Σ||fix(α)| ≤ (mn)w many choices of β. By a union bound, the density of the union
of all sets is at most 2−4w logmn · (mn)2w · (nm)w = 2−w logmn.

2.3 Simulation

An informal sketch of how to extract a subcube-DAG from a triangle-DAG is as follows. We start
at the root of the triangle-DAG, which corresponds to no queried variables. We can ensure this is
the case only if the protocol is small with respect to the size of the error sets, which results in a
small enough cumulative error. With the help of the triangle lemma, we traverse the triangle-DAG
while maintaining a well-structured subset of the current triangle T . If the block min-entropy of
the well-structured subrectangle becomes larger with respect to a subset of variables I ′ that is
different from the currently queried variables I, then we do the following operation. First we forget
all variables in I \I ′, then we query all variables in I ′ \I. We use the full range lemma to guarantee
that the answer to our queries is compatible with T , and the answers themselves to choose which
child of T to follow in our traversal.

Again, nothing of substance changes when we use a larger alphabet. We rephrase the simulation
to produce a subcube-DAG rather than a resolution refutation, reverting to the original formulation
of DAG-like lifting [GGKS20]. This allows us to avoid syntactic issues with the negation of a term
not being equivalent to a clause in multi-valued logic.

We provide a full proof in an appendix to the full version of this article.

2.4 Gadget Size

It is not possible to remove the linear dependence of the gadget size in terms of the alphabet size.
We exhibit an explicit counterexample to lifting theorems with large alphabet and small gadgets.

Proposition 2.8. There is a relation R : Σn → Σ with width Ω(n) but such that if m = o(|Σ|),
then R ◦ Indnm has a protocol of size O(|Σ|).

Proof. Let R be defined as (x, y) ∈ R iff |{i ∈ [n] | xi = y}| ≤ n/2. On the one hand, the certificate
complexity of the relation is n/2, since every certificate must comprise at least n/2 coordinates
where xi ̸= y. Certificate complexity lower bounds width. On the other hand, if m < |Σ|/2, then
there exists an element y ∈ Σ that appears less than n/2 times in Bob’s input to R ◦ Indnm. Hence
a communication protocol is for Bob to simply announce that element, which gives a protocol of
depth log |Σ| and size |Σ|.
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Note that this example does not rule out a sublinear dependence when Σ = exp(n), nor does it
rule out an additive dependence.

3 Reductions

Let G = ((P ∪H), E) be a bipartite graph with uniform left degree d. We assume G is represented
with an adjacency list (enforcing a fixed order on neighbours) and we denote the i-th neighbour of
p ∈ P as Γ(p, i). The (functional) graph pigeonhole principle states that every left vertex maps to
exactly one right vertex, and that the mapping is injective. We can encode this as a CSP, denoted
cPHP(G), with variables xp for p ∈ P , with the intended meaning that zp = i if p is mapped to
its ith neighbour. The constraints of the CSP express injectivity: [zp ̸= i] ∨ [zp′ ̸= i′] for each pair
p ̸= p′ and i, i′ such that Γ(p, i) = Γ(p′, i′). Totality and functionality are implicit from the choice
of variables.

Specialised to cPHP(G), the falsified constraint search problem Search(cPHP(G)) : [d]|P |× (P ×
P ) is the relation containing (z, (p, p′)) if Γ(p, zp) = Γ(p′, zp′); in other words, if there exists i, i′ ∈ [d]
such that Γ(p, i) = Γ(p′, i′) and the constraint [zp ̸= i]∨[zp′ ̸= i′] is violated. Recall that if cPHP(G)
is unsatisfiable, then Search(cPHP(G)) is a total search problem.

The monotone Karchmer–Wigderson game of a (partial) monotone Boolean function f is a
communication problem mKWf where Alice gets an input x ∈ f−1(0), Bob gets an input y ∈
f−1(1), and the set of correct outputs are coordinates i ∈ [n] such that xi < yi. The monotone
(real) circuit size complexity of f is equivalent to the rectangle-DAG (resp. triangle-DAG) size
complexity of mKWf [Sok17b, HP18].

Lemma 3.1. Let G = ((P ∪H), E) be a bipartite graph with |P | = k and |H| = c < k and uniform
left degree d. Then for any m it holds that Search(cPHP(G)) ◦ Indkm reduces to mKW(cliquek-colc)mk

.

Proof. We need to show that there exists a function µA : [m]k → {0, 1}(
mk
2 ) mapping Alice’s input

and a function µB : [d]mk → {0, 1}(
mk
2 ) mapping Bob’s input for Search(cPHP(G)) ◦ Indkm to their

respective inputs for mKW(cliquek-colc)mk
.

Moreover, we need a function µO : {0, 1}(
mk
2 ) → P×P mapping from answers of mKW(cliquek-colc)mk

to answers of Search(cPHP(G)) ◦ Indkm such that ∀x, y it holds that

µO(mKW(cliquek-colc)mk
(µA(x), µB(y))) ⊆ Search(cPHP(G)) ◦ Indkm(x, y) . (18)

We start by defining µA and µB. Both functions output a grid graph on the vertex set V =
{(s, p) : s ∈ [m], p ∈ [k]}; however, µA outputs a graph containing a k-clique and µB outputs a
c-colourable graph.

Alice’s input to Search(cPHP(G))◦ Indkm are pointers xp ∈ [m] for p ∈ [k]. Alice’s graph (V,EA)
output by µA is defined as EA = {((xp, p), (xp′ , p

′)) : p, p′ ∈ [k], p ̸= p′}; in other words, EA is
precisely a clique of size k over the vertices (xp, p)p∈[k].

Bob’s input to Search(cPHP(G)) ◦ Indkm are strings yp ∈ [d]m for p ∈ [k]. Bob’s graph (V,EB)
output by µB is the maximal graph that admits the following c-colouring: vertex (s, p) is coloured
Γ(p, i) for i = Ind(s, yp), that is, (s, p) is coloured q, where q is the Ind(s, yp)-th neighbour of p in G.

Finally, we define µO((s, p), (s′, p′)) = (p, p′). It remains to argue that Equation 18 is satisfied.
By definition of mKW(cliquek-colc)mk

(µA(x), µB(y)), we have that ((s, p), (s′, p′)) is an edge that
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belongs to Alice’s graph but not to Bob’s. We need to argue that (p, p′) is a valid answer to
Search(cPHP(G)) on input z = Indkm(x, y), that is, we must show that for zp = Ind(xp, yp) and
zp′ = Ind(xp′ , yp′) it holds that Γ(p, zp) = Γ(p′, zp′). By construction of Bob’s graph, Γ(p, i) =
Γ(p′, i′), for i = Ind(s, yp) and i′ = Ind(s′, yp′), and by construction of Alice’s graph, s = xp and
s′ = xp′ . Together this implies that Γ(p, zp) = Γ(p′, zp′), as we wished to prove.

Given two graphs Ga = (V,Ea) Gb = (V,Eb) with Ea ∩ Eb = ∅ and c, k ∈ N with c < k, we
define the function cliquek-colc(Ga, Gb) : {0, 1}|Ea| to be the function that receives as input a subset
of edges E of Ea and outputs 0 if E ∪ Eb is c-colourable and 1 if E ∪ Eb has a k-clique. Observe
that cliquek-colc(Ga, Gb) is a restriction of the function (cliquek-colc)|V | where all the edges in Eb

are set to 1 and all the edges in neither Ea nor Eb are set to 0.
Let G = ((P ∪̇H), E) be a bipartite graph with P = {p1, . . . , pk}. We define the graphs

G̃a,m = (Ṽ , Ẽa) and G̃b,m = (Ṽ , Ẽb) to be k-partite graphs with vertex set Ṽ = V1 ∪̇V2 ∪̇ . . . ∪̇Vk,
each Vi with m vertices, and edge sets

Ẽa = {(u, v) ∈ Vi × Vj : i, j ∈ [k], i ̸= j,∃h ∈ H s.t. (pi, h), (pj , h) ∈ E}; and (19)

Ẽb = {(u, v) ∈ Vi × Vj : i, j ∈ [k], i ̸= j,∄h ∈ H s.t. (pi, h), (pj , h) ∈ E} . (20)

Note that, if G has left degree at most d = O(1), then for each i, there are at most d2 different j’s
such that ∃h ∈ H s.t. (pi, h), (pj , h) ∈ E. Therefore, the graph G̃m,a has at most m2 · kd2 edges.

Lemma 3.2. Let G = ((P ∪H), E) be a bipartite graph with |P | = k and |H| = c < k and uniform
left degree d. For any m ∈ N it holds that Search(cPHP(G))◦Indkm reduces to mKW

cliquek-colc(G̃a,m,G̃b,m)
.

Proof. The proof is exactly the same as for Lemma 3.1, with the only difference that some of the
edges do not need to be defined by the reductions µA and µB. Note that the edges not in either Ẽa

nor Ẽb are always set to 0 in Alice’s graph, and the edges in Ẽb are always set to 1 in Bob’s graph,
so these edges are never a solution output by µO.

Observation 3.3. Let c1, c2, n ∈ N be such that c1c2 < n. We have that mKW(colc1 -cocolc2 )n
reduces

to mKW(cliquen/c2
-colc1 )n

.

Lemma 3.4. Let c, r, k, n ∈ N be such that c ≤ r < k ≤ n. It holds that mKW(cliquek-colc)n
reduces

to mKW(colr-cocoln−k+r)nr
.

Proof. We define functions µA, µB : {0, 1}(
n
2) → {0, 1}(

nr
2 ) such that µB maps c-colourable to r-

colourable graphs and µA maps graphs containing a k-clique to graphs whose complement is (n−
k + r)-colourable.

Suppose Alice’s input for mKW(cliquek-colc)n
is the graph GA = (V,EA) and Bob’s input is

GB = (V,EB). The graphs output by the functions µA, µB are defined on vertex set U = {(v, i) :
v ∈ V, i ∈ [r]} as follows.

Let χ : V → [c] be a proper c-colouring of GB. Bob’s graph (U, ẼB) output by µB is the maximal
graph that admits the following r-colouring: vertex (v, i) is coloured with colour (χ(v) + i) mod r.
Since this graph admits an r-colouring it is a valid input for Bob for mKW(colr-cocoln−k+r)nr

.

Let K ⊆ V be a set of k vertices such that GA[K] is a clique. Alice’s graph (U, ẼA) output by
µA contains edges ẼA = {((v, i1), (v, i2)) : v ̸∈ K, i1, i2 ∈ [r], i1 ̸= i2} ∪ {((v1, i), (v2, i)) : v1, v2 ∈
K, v1 ̸= v2, i ∈ [r]}. Note that this graph is formed by n − k + r disjoint cliques and, therefore, it
is a valid input for Alice for mKW(colr-cocoln−k+r)nr

.
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Finally, we define the function µO(((v1, i1), (v2, i2))) = (v1, v2) mapping outputs of mKW(colr-cocoln−k+r)nr

to outputs of mKW(cliquek-colc)n
. It remains to argue that valid answers are mapped to valid an-

swers. Let ((v1, i1), (v2, i2)) be an edge present in Alice’s graph and absent in Bob’s graph. By
Alice’s construction, either v1 = v2 or i1 = i2. By Bob’s construction, if v1 = v2 and i1 ̸= i2 then
(χ(v1) + i1) mod r ̸= (χ(v2) + i2) mod r and thus there is an edge between (v1, i1) and (v2, i2). It
must therefore be the case that i1 = i2, which implies that v1, v2 ∈ K and that χ(v1) ̸= χ(v2). We
conclude that (v1, v2) is a valid answer for mKW(cliquek-colc)n

.

Lemma 3.5. Let c1, c2, ℓ1, ℓ2, n ∈ N be such that c1c2 < n and ℓ1, ℓ2 ≥ 1. It holds that mKW(colc1 -cocolc2 )n

reduces to mKW(colℓ1c1 -cocolℓ2c2 )ℓ1ℓ2n
.

Proof. Given the symmetry of mKW(colc1 -cocolc2 )n
, it is enough to reduce mKW(colc1 -cocolc2 )n

to
mKW(colℓc1 -cocolc2 )ℓn

.

The reduction is given by functions µA, µB : {0, 1}(
n
2) → {0, 1}(

nℓ
2 ) such that µA maps a c1-

colourable graph into an ℓc1-colourable graph, and µB maps a graph whose complement is c2-
colourable into a graph whose complement is c2-colourable.

Suppose Alice’s input for mKW(colc1 -cocolc2 )n
is the graph GA = (V,EA) and Bob’s input is

GB = (V,EB). The graphs output by the functions µA, µB are defined on vertex set U = {(v, i) :
v ∈ V, i ∈ [ℓ]} as follows. Alice’s graph (U, ẼA) has edges ẼA = {((v1, i1), (v2, i2)) : (v1, v2) ∈
EA, i1, i2 ∈ [ℓ]}, and admits the colouring ξ(v, i) = ℓξ(v) + i. Bob’s graph (U, ẼB) has edges
ẼB = {((v1, i1), (v2, i2)) : i1 ̸= i2 or (v1, v2) ∈ EB}. Since its complement consists of ℓ independent
copies of the complement of GB, it is c2-colourable.

Finally, we map outputs according to the function µO(((v1, i1), (v2, i2))) = (v1, v2). To show
that the reduction is correct, we observe that if ((v1, i1), (v2, i2)) is not present in Bob’s graph, then
it must be the case that i1 = i2 and (v1, v2) ̸∈ EB, while if ((v1, i1), (v2, i2)) is present in Alice’s
graph, then it must be that (v1, v2) ∈ EA.

The CSP bitPHPn
c for n pigeons and c holes is defined over n log c binary variables and has a

constraint expressing ¬
∧

j∈[log c](xi,j = xi′,j), expanded into CNF, for each i ̸= i′ ∈ [n].

Lemma 3.6 ([HP17]). Let c1, c2, ℓ1, ℓ2, n ∈ N be such that c1c2 < n. Partition the inputs of
SearchX,Y (bitPHPn

c1c2), where X is the first log c1 variables and Y is the last log c2 variables of

each pigeon. Then mKW(colc1 -cocolc2 )n
and SearchX,Y (bitPHPn

c1c2) are equivalent.

Proof. There is a direct correspondence between problems. An instance of the communication
problem SearchX,Y (bitPHPn

c1c2) can be viewed as two colourings of a graph on n vertices: the first
one is a colouring with c1 colours, and the second with c2 colours. Bob’s graph can be constructed
by taking the maximal graph respecting the c1-colouring; and Alice’s graph can be constructed by
taking the minimal graph such that the c2-colouring is a valid cocolouring. An edge present in
Alice’s graph and missing in Bob’s corresponds precisely to two rows of their input which are the
same.

The other direction is similar. Let χ1 be a colouring of Bob’s graph, and χ2 be a cocolouring of
Alice’s graph. Alice and Bob can create a matrix with n rows such that Alice’s (resp. Bob’s) part
of row i is χ2(i) (resp. χ1(i)) written in binary. Two rows that are the same correspond precisely
to an edge present in Alice’s graph and missing in Bob’s.
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4 Applications

In this section, we prove the theorems stated in the introduction, which are all obtained via an
application of the lifting theorem to the CSP cPHP(G) for an appropriate expander graph G, and
the appropriate reduction from section 3.

To obtain a width lower bound we need the bipartite graph G, over which cPHP(G) is defined,
to be a good vertex expander as per the following definition. A (m,n, d, r, e)-bipartite expander
graph is a bipartite graph G = ((U ∪ V ), E) with |U | = m, |V | = n, with every vertex in U having
degree at most d, and where for every subset S ⊆ [m] such that |S| ≤ r, the neighbourhood of S,
denoted N(S), satisfies |N(S)| ≥ e|S|. A standard calculation [HLW06] shows that random graphs
are good expanders. We record two different parameter regimes that we use in our applications.

The first family of expander graphs have constant degree, and are fairly balanced.

Lemma 4.1. Let m,n ∈ N be such that m = Θ(n). Then there exists d = O(1) and r = Ω(n) such
that with high probability a random graph G ∼ G(m,n, d) is an (m,n, d, r, d/2)-bipartite expander
graph.

The second family has logarithmic degree and can be very unbalanced.

Lemma 4.2. Let r, d, n,m ∈ N be such that n ≤ m, d = 6 lnm and r = n/de3. With high
probability a random graph G ∼ G(m,n, d) is an (m,n, d, r, d/2)-bipartite expander graph.

We can easily obtain a width lower bound for refuting cPHP(G) from known width lower bounds
on the {0, 1}-encoding of the graph pigeonhole principle [BW01] at the cost of a linear factor in the
degree of the graph. We prefer, however, to prove the lower bound directly and avoid such loss.

Let G = ((U ∪V ), E) be a bipartite graph. A collection of matchingsM is an s-online matching
if ∅ ∈ M; M is closed under taking subsets; and if for each matching M ∈ M such that |M | < s,
and for each u ∈ U not covered by M there exists v ∈ V such that M ∪ {(u, v)} ∈ M.

Lemma 4.3 ([FFP88]). If G is an (m,n, d, r, e)-bipartite expander graph, then it has an (e− 1)r/2-
online matching.

Since online matchings correspond precisely to adversary strategies in the Prover–Adversary
games, we obtain the following, slightly tighter, lower bound. The upper bound is given by a
Prover strategy that queries any n + 1 left vertices.

Theorem 4.4. If G is an (m,n, d, r, e)-bipartite expander graph then

(e− 1)r

2
≤ w(Search(cPHP(G))) ≤ n + 1 .

We can now apply our lifting theorem (Theorem 2.1) to cPHP(G) for an appropriate G and
obtain the following result.

Theorem 1.3 (Restated) (Clique-colouring). There exists a universal constant A such that given
any c, k, n ∈ N satisfying c < k ≤ n, it holds that any monotone Boolean circuit computing
(cliquek-colc)n must have size (

n

A · kc log k log n

)Ω(c)

. (3)
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If we assume c = ϵk for a constant ϵ > 0, then we can get a slightly better lower bound: any
monotone Boolean circuit computing (cliquek-colϵk)n must have size(

n

A · k2 log n

)Ω(k)

. (4)

Proof. For the first part, let G be an (k, c, d, r, d/2)-bipartite expander graph for d = O(log k)
and dr = Ω(c). By Theorem 4.4, we have that c + 1 ≥ w(Search(cPHP(G))) = Ω(c). Applying
Theorem 2.1 we conclude that there exists a large enough absolute constant A′ such that any
triangle-DAG protocol solving Search(cPHP(G)) ◦ INDk

m requires size(
m

A′ · d · (c + 1) · log(mk)

)(d/2−1)r/2

≥
(

m

A · log k · c · log(mk)

)Ω(c)

. (21)

Finally, the result follows from the reduction to clique-colouring given by Lemma 3.1, where we
note that n = mk.

The second part is similar, but we choose G to be an (k, ϵk, d, r, d/2)-bipartite expander graph for
d = O(1) and r = Ω(k). The result follows, as before, by applying the lifting theorem (Theorem 2.1)
to the width lower bound (Theorem 4.4) and using the reduction to clique-colouring (Lemma 3.1).

We are now ready to prove Theorem 1.6, restated below.

Theorem 1.6 (Restated). For c ≤ n1/3−ϵ, every monotone function that distinguishes n-vertex
graphs G with χ(G) ≤ c from graphs with χ(G) ≤ n/c − 1 has monotone real circuit complexity
nΩ(c).

We actually prove a slightly more general statement that we use later on.

Theorem 4.5. There exists an absolute constant A such that any monotone real circuit computing
(colc-cocoln/c−1)n has size at least (

n

A · c3 log(n)

)Ω(c)

.

Proof. It follows from Lemma 3.4, by setting k = c + 1 and r = c, that there is a reduction from
mKW(cliquec+1-colc)n′ to mKW(colc-cocoln′−1)n′c

. By renaming n = n′ · c we get that the latter is
equivalent to mKW(colc-cocoln/c−1)n .

By Theorem 1.3, this implies that any monotone real circuit computing (colc-cocoln′−1)n′c must
have size at least (

n′

A′ · k2 log(n′)

)Ω(k)

=

(
n

A · c3 log(n)

)Ω(c)

, (22)

for some universal constants A and A′.

We can now easily prove Theorem 1.5 and Theorem 1.8.

Theorem 1.5 (Restated) (Colouring-cocolouring). Every monotone function that distinguishes
(q2 + 1)-vertex graphs G with χ(G) ≤ q from graphs with χ(G) ≤ q has monotone real circuit

complexity 2Ω((q/ log q)1/2).
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Proof. As argued in the proof above, we have that any monotone real circuit computing (colc-cocoln′−1)n′c

requires size (
n′

A′ · k2 log(n′)

)Ω(k)

(23)

for k = c + 1. Setting ℓ1 = (n′ − 1)/c and applying Lemma 3.5, and setting c = ϵ(n′/ log n′)1/2

for ϵ = 1/4A′, we conclude that any monotone real circuit computing (coln′−1-cocoln′−1)n′(n′−1)

requires size 2Ω((n′/ logn′)1/2). Substituting q = n′ − 1, gives us the stated bound.

To formally state Theorem 1.8 we need to define the cutting planes proof system. We choose
to define the semantic version, which is simpler and stronger than the syntactic one. A semantic
cutting planes refutation of a CSP F given by a set of linear inequalities F = {A1, . . . , Am} is a
sequence of linear inequalities C1, . . . , CL where Cj is either identical to some Ai, or is semantically
implied by Ci and Ci′ with i, i′ < j. In the proof below, we use the fact that, given a cutting
planes refutation of a CSP F of length L, there exists a triangle-DAG protocol of size L computing
SearchX,Y (F ) for any partition X,Y [Sok17b, HP18].

Theorem 1.8 (Restated) (Bit pigeonhole principle). Every cutting planes refutation of the bit

pigeonhole principle bitPHPN+1
N has size 2Ω((N/ logN)1/3).

Proof. Immediate from Theorem 4.5, Lemma 3.6, and the correspondence between the size of
cutting planes proofs and triangle-DAGs.

Finally, we prove Theorem 1.10, which requires a slightly more careful argument than that in
the proof of Theorem 1.3.

Theorem 1.10 (Restated) (Monotone vs non-monotone). There exists a monotone function
f ∈ P such that any monotone circuit computing f is of size at least exp(Ω(n1/3−o(1))).

We define the graphs G̃a,m = (Ṽ , Ẽa) and G̃b,m = (Ṽ , Ẽb) to be k-partite graphs with vertex

set Ṽ = V1 ∪̇V2 ∪̇ . . . ∪̇Vk, where |Vi| = m, and edge sets

Ẽa = {(u, v) ∈ Vi × Vj : i, j ∈ [k], i ̸= j,∃h ∈ H s.t. (pi, h), (pj , h) ∈ E}; and (24)

Ẽb = {(u, v) ∈ Vi × Vj : i, j ∈ [k], i ̸= j,∄h ∈ H s.t. (pi, h), (pj , h) ∈ E} . (25)

Note that, if G has left degree at most d = O(1), then for each i, there are at most d2 different
j’s such that there exists h ∈ H with (pi, h), (pj , h) ∈ E. Therefore, the graph G̃m,a has at most
m2 · kd2 edges.

Proof of Theorem 1.10. Let G = (P ∪̇H,E) be a (k, k−1, d, r, d/s)-bipartite expander graph given
by Lemma 4.1, with d = O(1) and r = Ω(k). For any m the following holds.

Let G̃a,m = (Ṽ , Ẽa) and G̃b,m = (Ṽ , Ẽb) be the graphs defined for Lemma 3.2. Note that the

graph G̃m,a has at most O(m2 ·k) edges, so the function cliquek-colc(G̃a,m, G̃b,m) has n = O(m2 ·k)
inputs. By Theorem 2.1 applied to cPHP(G), and using the reduction in Lemma 3.2, we conclude
that any monotone circuit computing cliquek-colc(G̃a,m, G̃b,m) requires size at least(

m

A · k · log(mk)

)Ω(k)

(26)
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for a large enough constant A.
By choosing m = A′k log k, for large enough constant A′, we have that(

m

A · k · log(mk)

)Ω(k)

≥ exp(Ω(k)) ≥ exp
(

Ω
((

n/log2 n
)1/3)) ≥ exp(Ω(n1/3−o(1))) . (27)

Now let g be the total monotone function in P that extends (cliquek-colk−1)N for N =
(
km
2

)
given

by Tardos [Tar88]. Consider the function f that is obtained from g by setting all edges in Ẽb to 1 and
all edges not in either Ẽa nor Ẽb to 0. Note that this function computes cliquek-colc(G̃a,m, G̃b,m).
Moreover, since it is a restriction of a function in P, it follows that f ∈ P. This concludes the
proof.

5 Concluding Remarks

While the lower bounds we proved are better than what is currently known via the approximation
method, we believe that it is possible to prove matching bounds with the approximation method.
Both methods have common traits: the procedure in which we identify error rectangles in a triangle-
DAG by traversing its nodes from the leaves is not too unlike the procedure in which we identify error
functions in a monotone circuit, and the best bounds for both are obtained using sunflower lemma.
It might even be possible to prove that lifting is a particular instantiation of the approximation
method. The advantage of our approach is that once the lifting theorem is established, we can apply
it as a black box and obtain new lower bounds by simply proving reductions in the communication
world.

The lower bounds in this paper have been known, and presented in various occasions, since
2021. Since then, some of the results have been obtained with the approximation method. A very
recent paper independently obtained the same bound for clique-colouring using the approximation
method and sunflowers [BM25]. A bottleneck counting approach (which is the same as approxima-
tion method) was used to directly prove a nearly optimal cutting planes lower bound for a different
formula [Sok24]. Extending the bottleneck counting argument, another very recent paper indepen-
dently obtained the same bound for cutting planes proofs of the bit pigeonhole principle [BW25],
even in the weak setting. It may also be possible to obtain an exp(Ω(n1/3−ϵ)) lower bound for a
monotone function in P using the approximation method [Cav25], albeit for a different function.
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[Tar88] Éva Tardos. The gap between monotone and non-monotone circuit complexity is
exponential. Combinatorica, 8(1):141–142, mar 1988. doi:10.1007/bf02122563.

20

https://doi.org/10.2307/2275583
http://www.jstor.org/stable/2589349
https://doi.org/10.19086/da.11887
https://doi.org/10.19086/da.11887
https://doi.org/10.1070/im1995v059n01abeh000009
https://doi.org/10.1007/s004930050062
http://hdl.handle.net/1807/92007
https://doi.org/10.1137/110839059
https://doi.org/10.1007/978-3-319-58747-9_26
https://doi.org/10.1007/978-3-319-58747-9_26
https://doi.org/10.1007/978-3-319-58747-9_26
https://doi.org/10.1145/3618260.3649636
https://doi.org/10.1016/s0304-3975(99)00321-7
https://doi.org/10.1016/s0304-3975(99)00321-7
https://terrytao.wordpress.com/2020/07/20/the-sunflower-lemma-via-shannon-entropy/
https://terrytao.wordpress.com/2020/07/20/the-sunflower-lemma-via-shannon-entropy/
https://doi.org/10.1007/bf02122563


[Weg87] Ingo Wegener. The complexity of Boolean functions. Wiley-Teubner, 1987. URL:
http://ls2-www.cs.uni-dortmund.de/monographs/bluebook/.

21

http://ls2-www.cs.uni-dortmund.de/monographs/bluebook/


A Lifting Theorem

A.1 Set Up: Full Range Lemma and Triangle Lemma

For most of this section the structures of [m]n and Σmn are immaterial and we can simply view
[m]n ×Σmn as a product of two sets. Under this perspective, we refer to an x ∈ [m]n as a row and
a y ∈ Σmn as a column. For any set S ⊆ [m]n × Σmn we will denote by SX and SY the projection
of S to the rows and columns, respectively, that is, SX := {x ∈ [m]n | ({x} × Σmn) ∩ S ̸= ∅}, and
SY := {y ∈ Σmn | ([m]n×{y})∩S ̸= ∅}. In particular, for any rectangle R ⊆ [m]n×Σmn, we have
that R = RX ×RY . Given a row x ∈ [m]n, we denote the set of columns in S along the row x by

S[x] := {y ∈ Σmn | {x} × {y} ∈ S} (28)

and note that {x} × S[x] = ({x} × Σmn) ∩ S.
For each triangle T ⊆ [m]n × Σmn we fix some arbitrary choice of aT and bT for which T =

{(x, y) ∈ [m]n × Σmn | aT (x) < bT (y)}. For convenience, we arrange all rows in ascending order of
aT from top to bottom and all columns in descending order of bT from left to right. We call this
the ordering for the triangle T .

Throughout the proof we consider blockwise partial assignments α : [n]→ [m] ∪ {∗}, which we
refer to as pointers. Let fix(α) := {i ∈ [n] | α−1(i) ̸= ∗}. We say x ∈ [n]m is consistent with α if
xi = α(i) for all i ∈ fix(α). For X ⊆ [n]m, we define

Xα := {x ∈ X | x is consistent with α}. (29)

The proof of the lifting theorem relies on sets that have high blockwise min-entropy. In the following
definition, δ > 0 is a parameter to be specified later and w is the parameter from Theorem 2.1.

Definition A.1. Say that a set X ⊆ [m]n is α-dense if it has blockwise min-entropy δ logm with
respect to [n] \ fix(α). We say X ⊆ [m]n is α-predense if X contains an α-dense subset.

The basic objects in our analysis are rectangles of the following type.

Definition A.2. A rectangle R := X × Y is α-pre-structured if

i) X is α-predense; and

ii) |Y | ≥ |Σ|mn · 2−4w logmn.

We say that R is α-structured if condition i) is replaced with R being α-dense.

We restate Lemma 2.6 for convenience. Here, and throughout this section, we omit the subscript
m in INDm, and for X ⊆ [m]n and Y ⊆ Σmn, we denote by IND(X,Y ) ⊆ Σn the image of X × Y
under the map IND.

Full Range Lemma. Let X ×Y ⊆ [m]N × (Σm)N be such that X has blockwise min-entropy log r
and |Y | > ϵ · |Σ|mN .

Let K be a large enough constant. If r, ϵ, and Σ satisfy r ≥ K · |Σ| · log(N/ϵ) then there exists
an x∗ ∈ X such that Ind({x∗}, Y ) = ΣN .

The following corollary is a simple application of the lemma to (almost) pre-structured rectan-
gles. We denote the subcube of Σn defined by ρ ∈ (Σ ∪ {⋆})∗ by C(ρ).
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Corollary A.3. Let mδ ≥ 2K · |Σ| · 4w · log(2mn2), where K is the constant given by the Full
Range Lemma, let α be a pointer, and let R = RX × RY be a rectangle that satisfies the following
two properties (which are a slightly weaker version of Definition A.2):

1. (RX)α contains a subset D that has blockwise min-entropy δ logm − 1 with respect to [n] −
fix(α); and

2. RY has density at least 2−4w logmn−1.

If for some ρ ∈ Σfix(α) it holds that IND(xfix(α), yfix(α)) = ρ for all (x, y) ∈ R, then there exists an

x∗ ∈ RX such that IND({x∗}, Y ) = C(ρ).

Proof. If fix(α) = [n], the conclusion follows from the fact that R ̸= ∅ and for any (x, y) ∈ R,
IND(x, y) = C(ρ), which is a singleton set. Hence, we assume |fix(α)| < n.

Let D ⊆ (RX)α be a subset witnessing property 1. Let J := [n] \ fix(α). We consider the
rectangle R′ := DJ × RY

J ⊆ [m]|J | × Σm|J |, where DJ and RY
J are the projections of D and of RY

to the coordinates J . We want to show that the Full Range Lemma is applicable to rectangle R′.
For this purpose, observe that the blockwise min-entropy of DJ is log r ≥ δ logm − 1 by item 1.
Secondly, note that

|RY
J |

Σm|J | ≥
|RY |
Σmn

≥ 2−4w logmn−1, (30)

where the first inequality follows from the definition of projection (i.e., projection does not decrease
density), and the second inequality follows from item 2.

It follows that

r ≥ mδ/2 ≥ K · |Σ| · 4w log(2mn2) ≥ K · |Σ| · log
(
|J | · 24w logmn+1

)
, (31)

thus satisfying the conditions in the Full Range Lemma, whose application to R′ gives us an element
x∗∗ ∈ DJ such that IND({x∗∗}×RY

J ) = Σ|J |. The concatenation of α and x∗∗ provides the desired
element x∗ ∈ D ⊆ RX .

In order to extract a subcube-DAG from a triangle-DAG, we cover a triangle by a set of pre-
structured rectangles (from which Corollary A.3 allows us to extract low-width subcubes), along
with a small number of “error” rows and columns. Unlike previous approaches which partition
the triangle into rectangles, we will cover the triangle with (potentially overlapping) strips—sets
of pre-structured rectangles which all share the same rows, along with a set of “secured” rows on
which can apply Corollary A.3. This overlapping covering, as opposed to partitioning, allows us
to reduce the number of rows and columns which are not within any pre-structured rectangle and
hence reduce the error sets.

We now formally define this notion of a strip. For this, let w ≤ n be a parameter which
corresponds to the width of the subcube-DAG to be extracted. For a triangle T , recall that
TX ⊆ [m]n and T Y ⊆ Σmn are the row and column projections of T .

Definition A.4 (Strips). For a triangle T ⊆ TX × T Y a strip S of T is a subset of rows S ⊆ TX

that is α-predense for some pointer α ∈ ([m] ∪ {⋆})n with |fix(α)| ≤ w. Associated with S are the
following:
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i) A collection of α-pre-structured rectangles RS = {Rβ}β indexed by a set of β ∈ (Σ ∪ {⋆})n
with fix(β) = fix(α), where each Rβ = S× Yβ is such that IND(αfix(α), yfix(α)) = βfix(α) for all
y ∈ Yβ. Furthermore, within each Rβ there is an “inner” sub-rectangle Rin

β ⊆ Rβ ∩ T which
is α-structured and fully contained within T .

ii) A subset of rows Ŝ ⊆ S which we call the rows secured by S.

A depiction of a strip is given in Figure 2. The purpose of the secured rows is described by the
following lemma, which states that for any triangle T , we can construct a set of strips such that
the associated pre-structured rectangles cover all of T except a small set of error rows—rows that
are not secured by any strip constructed—and error columns. We note that the definition of strips
depends on parameters n,m,w and, due to the definition of α-pre-structured and α-structured,
also on δ.

Triangle Lemma. For any positive integers m,n and w ≤ n, and parameter δ ∈ (0, 1) and any
triangle T ⊆ TX × T Y ⊆ [m]n × Σmn there is a set of strips Strips(T ) of T and “error” sets
XT

err ⊆ [m]n, Y T
err ⊆ Σmn such that for any x ∈ TX one of the following cases holds:

• Security. If x is secured by a strip S ∈ Strips(T ), then {x}×T [x] is covered by the rectangles
in RS together with the error columns, that is,

{x} × T [x] ⊆
⋃

R∈RS

R ∪
(
{x} × Y T

err

)
. (32)

• Error. If x is not secured by any strip in Strips(T ), then x ∈ XT
err.

• Maximality. If there exists a rectangle R ⊆ TX×(T Y \Y T
err) that is α-pre-structured for some

pointer α with |fix(α)| ≤ w and IND(R) ⊆ C(β) for some β ∈ (Σ∪{⋆})n with fix(β) = fix(α),
then there exists a strip S ∈ Strips(T ) with associated pointer α such that RScontains a
rectangle indexed by β.

Furthermore, |XT
err| ≤ mn−(1−δ)w and |Y T

err| ≤ |Σ|mn · 2−w logmn.

We defer the proof of the lemma together with the construction of strips to subsection A.4 in
favor of first completing the proof of the lifting theorem.

A.2 Proof of Lifting Theorem

Now we prove Theorem 2.1 using the Triangle Lemma and Corollary A.3.

Proof of Theorem 2.1. Let δ be such that mδ = 2K · |Σ| · 4w · log(2mn2), where K is the constant
given by the Full Range Lemma. Let Π be any triangle DAG of size m(1−δ)w/2 solving S ◦ INDn

m.
Note that

m(1−δ)w

2
=

1

2
·
(

m

2K · |Σ| · 4w · log(2mn2)

)w

≥
(

m

A · |Σ| · w · log(mn)

)w

(33)

for a large enough constant A. We first remove the error rows and columns from Π as follows.
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Error Removal. Sort the triangles of Π in any topological order T1, . . . , Ts from the leaves to
the root. That is, if T is a child of T ′ then T comes before T ′ in the order. We process Π by the
following procedure.

Initialize X0
err = Y 0

err := ∅. For i = 1, . . . , s do the following in order:

1. Remove from Ti the error rows and columns accumulated at i− 1, that is,

Ti ← Ti \
(
(Xi−1

err × Σmn) ∪ ([m]n × Y i−1
err )

)
. (34)

2. Let XTi
err and Y Ti

err be the X- and Y -error sets, respectively, obtained by applying the Triangle
Lemma to Ti.

3. Define Xi
err := Xi−1

err ∪XTi
err and Y i

err := Y i−1
err ∪ Y Ti

err.

Note that in this procedure, the children nodes will each contribute some error rows/columns to the
parents, and every node remains a triangle, as we have only removed whole rows/whole columns
from it. Henceforth, Π will refer to the resulting triangle-DAG after this procedure.

We extract from Π a subcube-DAG protocol solving S by showing that the following two items
hold.

• Subcubes. We can associate with every triangle T in Π a set C(T ) of subcubes—each of width
at most w—such that if T is a leaf of Π then each subcube C ∈ C(T ) is a certificate that the
label of T is a correct output for relation S, and if T is the root then the full cube X × Y is
contained in C(T ).

• Queries. If triangle T has children T1 and T2 in Π then for each subcube in C(T ) there is a
subprotocol with leaves in C(T1) ∪ C(T2) of width and depth w.

We now prove these items.

Subcubes. For each triangle T in Π, apply the Triangle Lemma to obtain a set of strips Strips(T )
of T . We define C(T ) as follows: for each strip S ∈ Strips(T ) and each pre-structured rectangle
Rβ ∈ RS , we include the subcube C(β); that is,

C(T ) :=
⋃

S∈Strips(T )

{
C(β) | Rβ ∈ RS

}
. (35)

To see that C(β) is a subcube of width at most w, let α with |fix(α)| ≤ w be the pointer associated
with the strip S. Then Corollary A.3 guarantees that IND(Rβ) = C(β) where the width of C(β)
is |fix(α)| ≤ w.

We now verify that these sets of subcubes satisfy the desired root and leaf properties.

• Root. Let R = RX × RY be the triangle at the root of Π (which is a rectangle, though we
won’t need this). By the Triangle Lemma and a union bound over the triangles in Π, the
density X-error accumulated at the root is at most

m−(1−δ)w · |Π′| ≤ m−(1−δ)w ·m(1−δ)w/2 = 1/2. (36)
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Hence RX has density at least 1/2. This implies that for any ∅ ≠ I ⊆ [n],

H∞
(
RX

I

)
≥ |I| logm− 1 ≥ δ|I| logm, (37)

and so we have that RX is ⋆n-predense.

Similarly, the density of the Y -errors accumulated at the root is at most

2−w logmn · |Π| < 2w logm−w logmn < 1/2. (38)

Therefore, |RY \Y R
err| ≥ |Σ|mn/2 ≥ |Σ|mn ·2−4w logmn. We therefore conclude that RX× (RY \

Y R
err) is a ⋆n-(pre-)structured rectangle.

By the maximality condition of Triangle Lemma applied to RX × (RY \ Y R
err), we have that

there exists a strip S ∈ Strips(R) with associated pointer ⋆n and such that the collection RS

is non-empty. By the item i) of Definition A.4 RS = {Rβ}β has to be a singleton set since
only the empty string can be a subscript β. Let Rβ be the unique rectangle in RS . Since
Rβ is ⋆n-pre-structured, by Corollary A.3, it holds that IND(Rβ) = Σn = C(⋆n). Therefore
C(⋆n) ∈ C(R).

• Leaves. Consider any leaf triangle T of Π. By definition, T is labelled with an output z
such that T × {z} ⊆ S ◦ Ind or, equivalently, Ind(T ) × {z} ⊆ S. Therefore, for any subcube
C(β) ∈ C(T ), we have C(β) = IND(Rβ) = IND(Rin

β ) ⊆ IND(T ) ⊆ S−1(z), meaning that
C(β) is a valid certificate.

Queries. Let T be any non-leaf triangle in Π with children T1 and T2. Consider any subcube
C ∈ C(T ) generated by some pre-structured rectangle Rβ = S× Y T

β in a strip S defined from some
pointer α. We first show that C is covered by C(T1) ∪ C(T2).

Consider the “inner” structured sub-rectangle Rin
β ⊆ Rβ ∩ T . Since T is covered by its children

T1 and T2,
Rin

β ⊆ T ⊆ T1 ∪ T2. (39)

We claim that at least one of T1 or T2 contains a sub-rectangle Q = QX × QY ⊆ Rin
β with X-

and Y -density at least half that of Rin
β . To see this, order the rows/columns according to the

ordering of T1, then the center p of Rin
β divides Rin

β into four quadrants. If p ∈ T1 then, as T1 is a

triangle, the top-left quadrant Q of Rin
β is contained entirely within T1; see Figure 1. Otherwise, if

p /∈ T1, then as T1 is a triangle, the bottom-right quadrant Q is disjoint from T1 and so it must be
contained within T2. In either case, H∞(QY ) ≥ H∞(Y T

β )− 1 and H∞(QX
J ) ≥ H∞(SJ)− 1 for any

∅ ̸= J ⊆ [n] \ I. In particular, Q satisfies the premises of Corollary A.3. Suppose without loss of
generality that Q ⊆ T1.

Applying Corollary A.3 to Q, we get a row x∗ ∈ QX ⊆ TX
1 such that IND({x∗} ×QY ) = C(β).

As we have removed XT1
err and Y T1

err from T in the Error Removal step, x∗ /∈ XT1
err and QY ⊆ T Y

is disjoint from Y T1
err . Thus, x∗ is secured by a strip S′ of T1 defined by some pointer α′. By the

Triangle Lemma,

{x∗} ×QY ⊆ {x∗} × (T1[x
∗] \ Y T1

err ) ⊆
⋃

Rξ∈RS′

Rξ, (40)
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Q Rin
β

T1

Figure 1: The structured rectangle Rin
β for triangle T , whose quadrant Q is contained entirely

within child T1.

where RS′
is the set of pre-structured rectangles in strip S′. By Corollary A.3, each α′-pre-

structured rectangle Rξ ∈ RS′
satisfies IND(Rξ) = C(ξ), and so

C = IND(Rβ) = IND({x∗} ×QY ) ⊆
⋃

Rξ∈RS′

IND(Rξ) =
⋃

Rξ∈RS′

C(ξ). (41)

Consider the subprotocol where, having C as the root, we first forget fix(α) \ fix(α′), then query
fix(α′) \ fix(α). The leaves of this protocol are {C(ξ)}, which cover C as we just established. The
width and depth of the protocol are at most w.

A.3 Proof of Full Range Lemma

We prove Claim 2.4 for completeness.

Claim A.5 ([LMM+22]). A set X ⊆ [m]N has blockwise min-entropy h = log r iff the component
list set system F of X is r-spread.

Proof. Assume X has blockwise min-entropy h = log r. Fix Z ⊆ [N ] × [m] and let I = Z↾[N ],
β = Z↾[m] (assuming I are all distinct). Then

Pr
S∼U(F)

[Z ⊂ S] = Pr
x∼U(x)

[xi = α ∀(i, α) ∈ Z] (42)

= Pr
x∼U(x)

[x↾I = β and β well defined] ≤ 2−h|Z| ≤ r−|Z| (43)

hence F is r-spread.
Assume F is r-spread. Fix I ⊆ [N ] and β ∈ [m]I and let Z = {(i, βi) | i ∈ I}. Then

Pr
x∼U(X)

[x↾I = β] = Pr
S∼U(F)

[S↾I = Z] = Pr
S∼U(F)

[S ⊂ Z] ≤ r−|Z| (44)

hence X has min-entropy log r.
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A.4 Proof of Triangle Lemma

The rest of this section is dedicated to the proof of the Triangle Lemma. That is, our goal is to
describe, for any given parameter w, how to associate with any triangle T ⊆ TX × T Y a set of
strips Strips(T ) and error sets which satisfy the security, error and maximality properties of the
lemma.

Let parameters w and δ be given. For every pointer α with |fix(α)| ≤ w such that the rows in
TX that are consistent with α form an α-predense set, i.e., (TX)α is α-predense, we construct a
strip S := (TX)α, to be included in Strips(T ), by associating S with the following structures.

• Secured Rows. Let xS ∈ S be the highest row (according to the ordering of T ) such that the
elements in S above or equal to xS form an α-predense set. Let the secured rows Ŝ ⊆ S be
those below or equal to xS .

• Pre-Structured Rectangles. Generate the set of pre-structured rectangles RS as follows: for
every β ∈ (Σ ∪ {⋆})n with fix(β) = fix(α) consider the set of columns

Yβ := {y ∈ Σmn | IND
(
αfix(α), yfix(α)

)
= βfix(α)} . (45)

If |Yβ| ≥ |Σ|mn · 2−4w logmn then we include the rectangle Rβ := S×Yβ in RS . Otherwise, we
include the columns Yβ in a set Y S

err.

• Inner Rectangle. It remains to show that we can find some sub-rectangle Rin
β ⊆ Rβ ∩ T

which is α-structured and contained entirely within T . Since S is α-predense there is some
α-dense subset of rows S′ ⊆ S. Note that by definition S′ is only above (and including) xS ,
and so the rectangle Rin

β := S′ × Yβ is only above (and including) {xS} × Yβ ⊆ T . Hence,

as T is a triangle, Rin
β ⊆ T . Finally, note that as Rβ was not categorized as “error”, Rin

β is
α-structured.

Observe that with this construction each strip in Strips(T ) is uniquely determined by a pointer α.
Finally, define the associated error sets XT

err ⊆ [m]n and Y T
err ⊆ Σmn as follows:

• X-Error. Let XT
err be the set of rows in TX which are not secured by any strip in Strips(T ).

• Y -Error. Let Y T
err be collected over all strips S ∈ Strips(T ), that is, Y T

err :=
⋃

S∈Strips(T ) Y
S
err .

A depiction of a strip is in Figure 2.
We first argue that the error, security and maximality properties of the Triangle Lemma hold.

The error property holds by construction. To see why the security property holds, note that given
a strip S ∈ Strips(T ), the row xS in T is covered by the α-pre-structured rectangles and the error
columns in S. That is,

{xS} × T [xS ] ⊆
⋃

R∈RS

R ∪
(
{xS} × Y T

err

)
. (46)

Fix any secured row x ∈ Ŝ ⊆ S. Then x is below or equal to xS and, therefore, since T is a triangle,
T [x] ⊆ T [xS ]. Hence,

{xS} × T [x] ⊆
⋃

R∈RS

R ∪
(
{xS} × Y T

err

)
. (47)

Now, for the maximality property, assume there is a rectangle R ⊆ TX × (T Y \ Y T
err) that is α-pre-

structured for some pointer α with |fix(α)| ≤ w and IND(R) ⊆ C(β) for some β ∈ (Σ ∪ {⋆})n with
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S
xS

RβRξ

Y S
err ⊆ Y T

err

secured

Figure 2: A strip S of a triangle, including two pre-structured rectangles Rξ, Rβ, a set of error
columns Y S

err, and an example of a secured row.

fix(β) = fix(α). Note that (RX)α is α-predense and hence so is its superset (TX)α, thus by our
construction there is a strip S ∈ Strips(T ) associated with α. Since IND(R) ⊆ C(β) it follows that
RY is a subset of Yβ = {y ∈ Σmn | IND(αfix(α), yfix(α)) = βfix(α)} defined in (45). As RY ∩ Y T

err = ∅
and RY ⊆ Yβ (and RY ̸= ∅ since R is α-pre-structured), it must be the case that Yβ ̸⊆ Y T

err and thus,
by the construction of Pre-Structured Rectangles, it must be the case that |Yβ| ≥ |Σ|mn ·2−4w logmn.
Therefore, the rectangle Rβ := (TX)α × Yβ is α-pre-structured and thus, by our construction, is in
RS .

Finally, we bound the size of the error sets, using the following two claims.

Claim A.6. For any triangle T , the density of XT
err in [m]n is less than m−(1−δ)w.

Proof. Suppose for contradiction that XT
err has density at least m−(1−δ)w. For simplicity, we denote

X̂ := XT
err. Let I ⊆ [n] be a maximal set of blocks where X̂ is not dense—meaning that H∞(X̂I) <

δ|I| logm—and fix any pointer α with fix(α) = I that witnesses Pr[X̂I = αI ] ≥ m−δ|I|. If no such
I exists, we let I := ∅ and α = ⋆n. We record the following two basic properties:

(1) |I| ≤ w,

(2) X̂α := {x ∈ XT
err | xI = αI} is α-dense.

To see item (1), observe that by the definition of α,

|X̂| ≤ |X̂α|
m−δ|I| ≤

|{x ∈ [m]n | xI = αI}|
m−δ|I| = mn−(1−δ)|I| . (48)

From this and our assumption that |X̂| has density at least m−(1−δ)w, it follows that |I| ≤ w.
To prove item (2), we show that if X̂α is not α-dense then this contradicts the maximality of
I. Indeed, if X̂α is not α-dense then there exists a nonempty subset J ⊆ [n] \ I and a witness
α′ ∈ ([m] ∪ {⋆})n with fix(α′) = J such that Pr

x∼X̂α
[xJ = α′

J ] ≥ m−δ|J |. Let α ◦ α′ be the pointer
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with fix(α ◦ α′) = I ∪ J such that (α ◦ α′)I = αI and (α ◦ α′)J = αJ . Then

Pr
x∼X̂

[xI∪J = (α ◦ α′)I∪J ] = Pr
x∼X̂

[xI = αI ] · Pr
x∼X̂

[xJ = α′
J | xI = αI ] (49)

= Pr
x∼X̂

[xI = αI ] · Pr
x∼X̂α

[xJ = α′
J ] (50)

≥ m−δ(|I|+|J |), (51)

meaning that X̂ is also not dense on I ∪ J , which contradicts the maximality of I.
By item (1) and item (2) there is a strip S ∈ Strips(T ) with associated pointer α, consisting

of the rows x ∈ TX for which xI = αI . Note that X̂α ⊆ S, and since X̂α is α-predense, the
distinguished row xS of strip S cannot be strictly below all rows in X̂α. However, this implies that
some row x ∈ X̂α is secured by S. This is a contradiction, as x ∈ X̂α ⊆ XT

err where XT
err contains

only rows of T that are not secured by any strip in Strips(T ).

Claim A.7. For any triangle T , the density of Y T
err in Σmn is at most 2−w logmn.

Proof. Immediate from Claim 2.7.

This completes the proof of the Triangle Lemma.
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